Summary. We develop a method for computing probabilistic household forecasts which quantifies uncertainty in the future number of households of various types in a country. A probabilistic household forecast helps policy makers, planners and other forecast users in the fields of housing, energy, social security etc. in taking appropriate decisions, because some household variables are more uncertain than others. Deterministic forecasts traditionally do not quantify uncertainty.We apply the method to data from Norway.We find that predictions of future numbers of married couples, cohabiting couples and one-person households are more certain than those of lone parents and other private households. Our method builds on an existing method for computing probabilistic population forecasts, combining such a forecast with a random breakdown of the population according to household position (single, cohabiting, living with a spouse, living alone etc.). In this application, uncertainty in the total numbers of households of different types derives primarily from random shares, rather than uncertain future population size. A similar method could be applied to obtain probabilistic forecasts for other divisions of the population, such as household size, health or disability status, region of residence and labour market status.
Introduction
Knowledge about the future number of households, and their composition, is important for policy purposes. The amount of support that is needed by the elderly depends on the numbers living alone, for example (Grundy, 2001; Glaser et al., 2003) . Housing planners use forecasts of household size to anticipate changes in the demand of dwellings with elevators and wheelchair access (Holmberg, 1987; King, 1999; Muller et al., 1999) . A recent environmental concern stems from the increasing number of small households. Household members share space, home furnishings, transportation and energy, leading to significant economies of scale. For instance, members of two-person households in the USA in 1993-1994 used 17% less energy per person than one-person households did (O'Neill and Chen, 2002) . Thus, even when the population remains constant, more small households imply a larger demand for resources.
There are many possible future household developments for a given population, but some of these are more likely than others. As opposed to a deterministic forecast, which predicts only one number (or perhaps just a few; see below) for a certain year, a probabilistic forecast tells us how likely it is that future household numbers will be within a certain range. For instance, the results that we obtain in Section 4 imply a 50% chance that the number of private households in Norway will be between 2.51 million and 2.69 million in 2030, up from an observed 2.03 million in 2002. Information of this kind allows policy makers, planners and other forecast users in the fields of housing, energy, social security etc. to take appropriate decisions, because some household variables are more uncertain than others. It also guides them once actual developments start to deviate from the most likely path. New actions or updated plans are unnecessary as long as developments remain close to the predicted path. Deterministic forecasts traditionally deal with forecast uncertainty by formulating alternative scenarios, usually in terms of a high and a low trajectory for some key input parameter, in addition to a most likely trajectory (Jiang and O'Neill, 2006) . The drawback is that uncertainty is not quantified, and hence the user does not know how likely it is that the high trajectory will materialize, instead of the most likely trajectory. Moreover, the results are not plausible from a statistical point of view, as they implicitly assume perfect correlation across age, time and type of household (Lee, 1999; Alho et al., 2008) .
The purpose of this paper is to show how statistical forecasting methods and existing software can be used to produce a probabilistic household forecast, thus avoiding the drawbacks of a deterministic approach. Methods for computing probabilistic population forecasts have become well established in the past two decades. The tradition goes back to Törnqvist (1949) , who probably was the first to integrate probabilistic thinking in population forecasting. Examples include probabilistic population forecasts for the USA, Austria, Finland, the Netherlands and Norway by Lee and Tuljapurkar (1994) , Lutz and Scherbov (1998) , Alho (1998) , De Beer and Alders (1999) and Keilman et al. (2002) respectively, for 18 European countries (the old European Union 15 countries plus Norway, Iceland and Switzerland) by Alho et al. (2006) , for major world regions by Lutz et al. (1996 Lutz et al. ( , 2001 ) and for all countries in the world in National Research Council (2000) . Deterministic household forecasts have a somewhat longer tradition (US National Resources Planning Committee, 1938; United Nations, 1973; , but few scholars have attempted to compute a probabilistic household forecast. Alders (1999 Alders ( , 2001 ) combined a probabilistic population forecast with random shares that distributed the population probabilistically over six household positions: individuals could either live as a child with parents, live alone, live with a partner, as a lone parent or in an institution, or belong to another category. For instance, Alders computed a predictive distribution for the number of lone mothers aged 40 years in 2015 as the product of two random variables, namely the number of women aged 40 years in 2015 and the share of those women who live as a lone mother. Expected values for population variables and shares for specific household types were obtained from observed time series, but uncertainty distributions that were assumed for both were based on intuitive reasoning, and correlations across age, sex and time were disregarded. Scherbov and Ediev (2007) combined a probabilistic population forecast for the population broken down by age and sex with random headship rates. In demography, a headship rate reflects the proportion of the population that is the head of the household, for a given combination of age and sex (United Nations, 1973; Jiang and O'Neill, 2004) . Like Alders, Scherbov and Ediev based a large part of their uncertainty distributions on intuition. In contrast, our contribution is to show how uncertainty in the forecast of the shares that distribute the population over several household positions can be modelled as a stochastic process, the parameters of which can be estimated from past data.
We discuss conceptual issues in Section 2. Perhaps surprisingly, there is no general agreement on the concepts of household and family. We give our working definitions and discuss measurement problems. In Section 3, we briefly describe deterministic and probabilistic forecasts of households and populations, and present our model that is based on random shares. Section 4 gives an empirical application for Norway.
Conceptual issues

Defining household and family
Durkheim's classic notion of a 'nuclear family' refers to a married couple and their dependent children, living together but apart from other kin (Moen and Forest, 1999; Hoffmann-Nowotny, 1987; Smith, 1968) . During the post World War II period, the notion of a family has broadened to include a range of forms, but new debates have arisen (Settles, 1999) . For instance, should a cohabiting or a same-sex couple be considered as a family? Does the family definition also cover lone parents? Such issues are important when families are viewed from the perspective of the special rights and obligations that family members have with each other (Lenoir, 2007) .
As our interest is in the sharing of dwellings, we shall bypass the thorny issues that were referred to above and consider a less value-laden concept of a household. A household consists of all people who live in the same dwelling, independently of how they view their family relationships with each other. Thus, a household may include just one person, or several unrelated individuals (e.g. students). These definitions are compatible with the so-called 'dwelling definition' of the Conference of European Statisticians (2006) . With this approach we could logically take dwellings, or households, as our statistical units of observations and analyse how the number of households of different types (for instance one-person households, couple households and one-parent family households) develop over time. However, opting for the household as the unit of analysis would lead to conceptual problems. The moment at which a household is formed or dissolved is not always well defined; nor is the household membership always clear. Rules may be set up, for instance that two households, when observed at two different points in time, are the same as soon as they have the same head of household. But rules of this kind are largely arbitrary and, moreover, may have a strong influence on the results (McMillan and Herriott, 1985; Keilman and Keyfitz, 1988) . Data on an individual person, such as date of birth, death, marriage, divorce or separation and leaving home, provide a firmer basis, once the individuals' household positions have been defined. This is not without problems either, but the issues appear to be solvable. We shall now address these.
A fairly generally recommended practice is to distinguish the following positions in a private household (Moen and Forrest, 1999) .
(a) Child refers to a blood, stepson or stepdaughter, or adopted son or daughter who is younger than 25 years of age (but regardless of marital status) who lives in the household of at least one of the parents and who has no partner or own child(ren) in the same household. (b) A cohabiting couple (i.e. partners living in a consensual union) is a couple that has a marriage-like relationship, irrespective of the partners' sexes. Knowing the household positions of the household members, the type of household can be deduced: a private household may be a married couple household, a cohabiting couple household, a lone parent household, a one-person household or a household of type 'other'. Compared with Alders's household forecast, our forecast distinguishes married couples from cohabiting couples, but (owing to limitations of the data) we ignore institutional households.
Some measurement problems
It is not always possible to elicit reliable information on household position in surveys or censuses. We point out four recognized sources of potential variation.
(a) The notion of 'living in the same dwelling' is based on an individual's place of usual residence. In our Norwegian application we shall use data from the census and the Survey of Living Conditions (SLC). The SLC is a panel survey with annual waves in the spring of each year since 1997; see Normann (2004) . The census is based on the de jure definition, whereas the SLC uses a de facto concept that includes the requirement of 'common housekeeping'. These differ, in particular, for young adults. For example, a person who leaves the parental household will not be officially registered at the new address, unless he or she marries, has a child or receives the major part of his or her income from labour. Similarly, when elderly people move back and forth between a private dwelling and an institution because of health problems, it is not clear how their place of usual residence is decided. (b) The distinction between private and institutional households is not clear cut in intermediate forms such as assisted living. (c) The notion of a cohabiting couple living in a 'marriage-like relationship' leaves room for subjective interpretations, which may change over time and differ between the partners. (d) A lone parent who starts cohabiting may still be classified as a lone parent, if the new partner does not take parental responsibility for the children.
Method
Outline
We start with a non-technical outline of our approach, whereas Sections 3.2-3.5 contain formal details. We build on an existing probabilistic forecast for the population of Norway. Similar to a deterministic population forecast, a probabilistic population forecast is based on the 'bookkeeping' identity
In practice, updates of this kind are done for men and women by age. In a deterministic population forecast, we need to specify age-specific fertility rates for women and mortality rates for women and men, for all future years of interest. These are used to calculate numbers of births and deaths. Migration is usually specified as net migration in absolute numbers, the survivors of which are added to the population at time t. Starting from a known population by age and sex at some initial time t = 0-the so-called jump-off population-this method is used recursively to keep track of the resulting changes in population, by age and sex. Stochastic (or probabilistic) population forecasts are similar, but in this case future fertility and mortality rates and net migration numbers are considered as random variables (e.g. Alho and Spencer (2005) ). Simulation is used to carry out the propagation of uncertainty, from the rates to future population numbers. A joint distribution that is derived in this manner for the future demographic variables can be called a predictive distribution. In other words, it is the probability distribution of the future demographic variables, conditional on what was known at the time when the forecast was made. For the 18 European countries that were mentioned in Section 1, the results of such probabilistic population forecasts are available as simulated predictive distributions for the numbers of men and women by 5-year age group for the period 2010-2050, at 10-year intervals. The predictive distribution of each population variable is given in the form of 3000 simulated values; see www.stat.fi/tup/euupe/index -en.html. We use simulation results for Norway from this source. Next, given age, sex and time, we assume that the population will have one of the six mutually exclusive household positions that were defined in Section 2.1, and we define a set of six shares, the sum of which equals 1. We predict the shares as a function of age, sex and time. This requires specifying their predictive distributions. We assume a particular statistical model for each share, which defines its distribution at one point in time, as well as its development over time. The parameters of the model are the expected value of the share and its variance. We derive the shares' expected values from a deterministic household forecast. The variance of each share reflects the deviation from its expected values; in other words, the variance is a measure for forecast errors in the shares. Empirical information for forecast errors is derived from the errors of a household forecast, prepared in the early 1990s and covering the years 1990-2020. We assume that the errors in the future are not smaller. Finally, we compute a forecast for the number of people in a given household position as the product of two random variables, namely the predicted population and the predicted share for that household position.
In practice, we draw 3000 values from the predictive distribution of the shares for each combination of age, sex and household position, for the years 2010, 2020 and 2030, and combine them with 3000 simulated values for the population numbers by age and sex. Given predicted numbers of people in all six household positions in a certain year, predicted numbers of households of various types can be derived.
Notation
We shall write V.j, x, s, t/ for the number of people in household position j = 1, 2, . . . , 6 who are in age x = 0, 1, . . . , ω, sex s = 1 for males and s = 2 for females, at time t = 0, 1, 2, . . . . Aggregating over position, we obtain the population W.x, s, t/ = Σ j V.j, x, s, t/ of age x and sex s at time t. The share of household position j is ρ.j, x, s, t/ = V.j, x, s, t/=W.x, s, t/. We have a probabilistic forecast for the population W.x, s, t/ available. We shall specify a predictive distribution for the shares ρ.j, x, s, t/ for future years. Then, the product ρ.j, x, s, t/ W.x, s, t/ will yield a predictive distribution for V.j, x, s, t/.
Stochastic forecast of population
The stochastic population forecast of Norway (the random variable W.x, s, t// was taken from the project 'Uncertain population of Europe', which gives predictive distributions of the population by sex and age in 18 European countries for the period 2004-2050. A general description of the results is available in Alho et al. (2006) , whereas Alders et al. (2007) and Alho et al. (2008) 
Point predictions of household shares
The point predictions (or expected values) of the household shares were derived from an updated deterministic household forecast for Norway (see Keilman and Brunborg (1995) for the original household forecast). This resulted in point predictionsρ.j, x, s, t/ for the period 2002-2032. We used the program LIPRO ('Lifestyle projections') version 4.0 to compute the household forecast. LIPRO (see www.nidi.knaw.nl/en/projects/270101/ and Van Imhoff and Keilman (1991)) is based on the methodology of multistate demography but includes several extensions to solve the particular problems of household modelling.
Population structure
The number and types of household position that we selected are a compromise between conflicting arguments. On the one hand, we want to have many household positions, to provide the user of the forecast with detailed results. But, on the other hand, the available data restrict the possibilities that we have to a considerable extent. As opposed to the random shares, for which we distinguish only six household positions (see Section 2.1) we had enough data for the deterministic household forecast to work with a slightly more detailed classification. We have used the following household positions for individuals (positions 1-9 respectively): (a) dependent child living with one or both parents; (b) living in a consensual union without dependent children; (c) living in a consensual union with dependent children; (d) living with a spouse without dependent children; (e) living with a spouse and dependent children; (f) a person living in a one-person household; (g) a single mother or father; (h) living in a private household, but not in any of the positions (a)-(g); (i) living in an institution for the elderly.
The institutionalized population was restricted to ages 65 years and older. Compared with the six household positions for which we shall specify uncertainty distributions, the nine positions that are listed here imply full coverage of the population, both in private and in institutional households. Also, we distinguish cohabiting couples and married couples with and without dependent children in their homes. The reason is that childless couples have a different childbearing behaviour from that of those with one or more children. Given the point predictions for the nine shares, those for the six shares are easily obtained by combining those for cohabiting or married people with and without children, and conditioning on being a member of a private household.
LIPRO implements a multistate demographic model that focuses on flows between the states. Multistate projections are inherently more complex than single-state projections. In particular, they require more extensive data. We shall here sketch the main aspects of the LIPRO calculations and refer to Van Imhoff and Keilman (1991) for the full details.
Let V(t) be a row vector of population counts at exact time t. We use 5-year age groups 0-4, 5-9, . . . , 85-89 and 90 years and older. Their number is 19, and we shall write V.t/ = .V.0, t/, . . . ,V.18, t//. We keep track of females and males separately, so V.x, t/ = .V.x, F, t/, V.x, M, t// for each age group x = 0, . . . , 18. There are nine household positions, so, for example, V.x, F, t/ = .V.1, x, F, t/, . . . , V.9, F, x, t//, where V.j, x, F, t/ is the number of females in position j, in age x, at time t. Thus, V(t) has a total of 19 × 2 × 9 = 342 elements.
To describe population change, suppose first that there is no external migration. Consonant with age grouping, we take a unit of time to correspond to 5 calendar years. Consider survival from exact time t to exact time t + 1 for women. This can be expressed as V(x + 1, F, t + 1/ = V.x, F, t/ S.x, F, t/, where S(x, F, t/ is a 9 × 9 matrix of origin-destination-specific survival probabilities for women from age group x to age group x + 1. Specifically, row j of S(x, F, t/ gives the proportions surviving to positions k = 1, . . . , 9, for women who are in position j at time t. Since the proportions reflect both mortality and position transitions, the row sums are typically less than 1. For forecasting purposes the probabilities in S(x, F, t/ could be specified directly but, as empirical data often come in the form of occurrence-exposure rates (which are equivalent to hazard rates in survival analysis) rather than proportions, LIPRO expects as inputs age and sex-specific occurrence-exposure rates from one household position to another. It is well known (e.g. Schoen (1988) ) that if the rates are equal in all ages belonging to age group x, and they remain constant from exact time t to exact time t + 1, then S(x, F, t/ is given by an exponential function of a matrix argument. We skip the details but note that the argument matrix is a function of the occurrence-exposure rates that are specific for age, sex and household position, including the death rates. Survival calculations in LIPRO are based on this assumption of time constant rates, which, of course, is an approximation to how things are in reality (for a discussion of alternatives, see Alho and Spencer (2005) ).
Consider births. As is usual in demography, LIPRO attributes births to women only. The childbearing ages in our application are 15-49 years, corresponding to x = 3, . . . , 9. LIPRO expects a vector of age and household-position-specific (annual) birth rates b.x, t/ that are assumed to be the same for all women in an age group. Being analytical, the exponential solution to survival calculations gives us not only V(x + 1, F, t + 1/ but also V(x + t , F, t + t ) for any 0 < t < 1. These values can be analytically integrated over t to obtain a vector with person-years by age and household position, K(x, F, t), during the period .t, t + 1/. LIPRO uses this formulation. Multiplying K.x, F, t/ elementwise by b.x, t/ yields a vector of births, by household position, in age group x, that are expected during the period from t to t + 1. LIPRO survives these to exact time t + 1 by using an exponential survivorship matrix of the type that was discussed above. Only now survival time is 0.5 time units, corresponding to 2.5 calendar years. This is an approximation that is frequently used in demography.
The description of external migration is logically difficult, because in-migration does not have a natural 'population at risk'. In this respect there is no difference between multistate and single-state projections. In applications, in which the level of migration is small relative to the populations of interest, a practical expedient is to express both in-migration and out-migration in terms of absolute numbers. But, as soon as this decision has been made, it becomes clear that it is not necessary to keep track of in-and out-migration separately. To see this, consider a woman entering household position j, in age group x, at some time t + t , 0 < t < 1. We can think of her as starting a subpopulation of her own that survives to different household positions and renews itself by births, until t + 1 and beyond, as described above. However, if a similar woman should leave the population of interest at t + t , we should obviously subtract the subpopulation that she contributes after t + t . From these considerations it is clear that it is simply the difference of in-migration and out-migration at any given time that determines the effect of external migration on the future evolution of the population. LIPRO expects as input age, sex and position-specific net migration numbers that are assumed to be uniformly distributed over the interval (t, t + 1), and it computes their net effect on the basis of the principles laid out above for survival and births.
The model is driven forward by assumptions, for each time interval, on net immigration by age, sex and household position, on occurrence-exposure rates for household events and mortality, and on birth rates; see below. To specify the jump-off population (V 0 / we used data from the Population and Housing Census of Norway, November 3rd, 2001, and assumed that the data would apply to January 1st, 2002. Readers who are interested in the census may consult Statistics Norway's Web site on this topic (in English) at www.ssb.no/english/subjects/ 02/01/fob2001 -en/.
Events
For the events, consider first the eight positions for private households. There are 7 × 8 = 56 possibilities for changes of position, but not all are logically possible. For instance, a person cannot change directly from 'cohabiting, no children' to 'married, with children'. We estimated occurrence-exposure rates for changes of private household position from the SLC by using data from 1997-2002, for ages 16-79 years. See Normann (2004) for a technical description of the SLC. In 1997, the sample size was approximately 5000. We deduced household events from changes in reported positions in consecutive interviews. We discarded information about two or more household events in one calendar year. This occurred rarely. Similarly, owing to both left and right censoring, a small number of events could not be uniquely classified. Added over all five calendar years, we obtained 3645 events for 27 types of positional change, and 22462 years of exposure. The occurrence-exposure rates are specific for 5-year age groups, private household position and sex. Data on entries into and exits from institutional households are extremely scarce. We have used the entry rates and exit rates that were used in the previous household forecast of Keilman and Brunborg (1995) .
Birth rates by 5-year age group and household position of the mother were taken from the previous household forecast and adjusted proportionally to match the numbers that Statistics Norway had registered for [2002] [2003] [2004] [2005] [2006] . Death rates by 5-year age group, sex and household position were estimated on the basis of deaths and exposure times by marital status, age and sex for the years 1995-1999, extracted from the Norwegian population registers. Mortality data by marital status for Norway are not available for more recent years. We applied the death rates of the 'currently married' to household positions 'cohabiting' or 'married', death rates of the never married to people with household position 'child', 'living alone' or 'other' and death rates of the divorced to 'lone parents'. Since individuals who live in an institution have higher mortality than those who live in private households, death rates for the institutionalized were assumed to be twice as large as those of the never married (given age and sex).
International migration was specified as net immigration in absolute numbers. The level of net immigration for the years 2002-2006 was taken from data that were available from the population registers, and that for later years from Statistics Norway's population forecast; see below. Its distribution by age, sex and household position was borrowed from the previous household forecast.
Consistency
In the LIPRO formulation, the units of analysis are individuals, and household statuses are viewed as their characteristics. This opens up the possibility of inconsistency between the attributes (Van Imhoff and Keilman, 1991; Van Imhoff, 1992) . We defined several consistency relationships for events that are experienced by members of the same household, namely for marriage of non-cohabiting partners and of cohabitees, for dissolution of couples and for events that are experienced by children and their parents. For example, the number of non-cohabiting men who marry during a certain period must be equal to the number of non-cohabiting women who marry during that period. Also, the number of men who live with a cohabitee and who experience the exit of the last child (in other words, a change from position cohabiting, with children, to position cohabiting, no children) must be equal to the number of cohabiting women who experience the same event. LIPRO adjusted the parameter values for these household events in such a way that all relationships were fulfilled. We also constrained total numbers of births, deaths and net immigration to corresponding numbers taken from observed population data Apart from adjustments for consistency, parameters for household events were assumed constant over the forecast period, because the possible trends that were visible in our data were erratic. Thus, the point forecast of shares is equivalent to applying multistate life table transition probabilities to the jump-off population.
Point forecasts for the shares
We computed a deterministic household forecast for men and women in 5-year age groups in nine household positions for the years 2007, 2012, . . . , 2032 (January 1st) and derived point forecastsρ.j, x, s, t/. In terms of total population, the predicted number is 5.47 million in 2032. This result agrees quite well with the corresponding number that was predicted by Statistics Norway in its 2005-based population forecast, which is 5.43 million. The two numbers are close, as expected, because numbers of births, deaths and net immigrations for the period 2002-2032 were constrained to be equal between the two forecasts; see Section 3.4.3. The remaining small difference is due to different jump-off populations. Since consistency for numbers of births, deaths and net immigrations was not specific for age groups, the age structure that we predict is different from that of Statistics Norway. For example, for the year 2032 we find predicted shares in age groups 0-19, 20-64 and 65 years and older equal to 23%, 56% and 22% respectively. Statistics Norway predicted 28%, 52% and 20% respectively. Fig. 1 plots the marginal point forecasts for the shares of eight private household positions, irrespective of age and sex. The year 1990 (census information) has been added for reference. Fig. 1 shows a continuation of changes in household and family structures that have gone on for several decades. It becomes increasingly more likely for Norwegian men and women to live alone or in consensual union, and less likely to live with a spouse and children. Data before 1990 that are comparable with those plotted in Fig. 1 are not as detailed as current data, but some comparisons can be made. For instance, whereas 7% of the population lived alone in 1970, the proportion had increased to 10% in 1980 and 14% in 1990 (Statistics Norway (2000 , Table 1 , and slightly over a sixth according to census data. (The difference is explained by different definitions of an individual's place of residence across data sources; see the discussion in Section 2.) Our forecast-with a jump-off population based on census data -predicts a value of 23% in 2032 for this share. Point forecasts for the shares of women who live alone or with their marital spouse are plotted in Figs 2 and 3. Note that elderly women in Norway are less likely to live alone in the future and more likely to live with their husbands. The same trend applies to shares of elderly men. To a large extent, this is due to improved longevity, but also to steeper increases in life expectancy for men than for women (Meslé, 2004) . A second important factor is the behaviour of cohorts with people who were born in the 1930s and 1940s. These people were more likely to marry than those in older cohorts, who suffered from the economic crisis in the 1930s and World War II (Keilman and Christiansen, 2008) .
Empirical errors in the shares
To estimate the level of uncertainty that we might expect in a new forecast of shares, we computed empirical errors in the sharesρ.j, x, s, t/ from the deterministic forecast of Keilman and Brunborg (1995) , with jump-off time December 31st, 1990. We analysed six predicted shares for child (CHLD), cohabiting (COH), living with spouse (MAR), living alone (SIN0), living as a single parent together with one or more children (SIN+) and other (OTH). The abbreviations denote individual household positions and will be used later. The shares were evaluated against estimated shares from the 1997 wave and the 2002 wave of the SLC, and data from the census on November 3rd, 2001. As opposed to the deterministic household forecast in Section 3.4, we have not distinguished childless married or cohabiting couples from those who live with children, because the census tables do not give that information. The six shares add up to 1. Hence we : , 1990; , 2002; , 2007; , 2012; , 2017; , 2022; , 2027; C, 2032 excluded people who were in institutional households, for reasons that were mentioned in Section 2.2. Possible consequences of this decision are briefly discussed in Section 4. Figs 4-6 compare, for cohabiting, married and living alone, predicted shares with the observed shares. The forecast predicted too few young cohabitants (Fig. 4) and young adults living alone (Fig. 6) , as opposed to too many children living with their parents. Clearly, the age pattern of the forecast tracks better the census figures than those of the SLC. We suspect that the difference is related to the way that respondents have interpreted their household position in the survey as compared with the census. There is evidence that errors increase over time.
The group 'other' consists primarily of adults in ages 25-30 years who live with their parents, or of unrelated people who share a dwelling. Thus, the dividing line between statuses child and other is unclear.
Modelling errors in the forecasts of shares
We computed errors in share forecasts for three dates (SLC waves of spring 1997 and spring 2002, and the census of November 2001), two sexes, six household positions and 16 5-year age groups: 15-19, 20-24, . . . , 90 years and over. This makes a total of 576 possible errors. In practice, we analysed 385 observations of non-zero shares for the three time points, by age and sex: 12 for child, 81 both for cohabiting and for married, 88 for living alone, 49 for lone parent and 74 for other. We disregarded people who were recorded as child who were age 25 years or older and lone parents age 60 years or more. It quickly turned out that the error patterns in SLC data were highly erratic. However, the survey data were useful in helping us to check that a random-walk model is an acceptable approximation for the increase over time in forecast error (a perfect random walk would have implied a linear increase with time in the variance of the forecast error; for example see Alho and Spencer (2005) ). For instance, in a preliminary stage we analysed a multinomial logit transformation for the six shares with the position living alone as the reference category. Write the six shares as p 1 , p 2 , . . . , p 6 , with p 1 the share for living alone, where we suppress indices for time, age and sex. The sum of all shares equals 1. The multinomial logit transformation is q i = ln.p i =p 1 /, i = 2, 3, . . . , 6. We computed errors in predicted values of q i according to the old household forecast by comparing predicted q i -values with observed q i -values from the census and the two SLC waves. For each of the five household positions and each of the three time points we computed the mean-squared error (MSE) in q i across age and sex. Table 1 gives MSE values, which can be interpreted as conservative estimates of error variances (since the MSE of a forecast equals the variance of the forecast error plus forecast bias squared). In computing the values in Table 1 , we have subtracted the sampling error in 1997 and 2002 from the total forecast error (details are available from the second author on request).
For all household positions except lone parent, the MSE values in Table 1 increase between the three dates, albeit somewhat irregularly. For instance, during the period from the spring of 1997 to November 2001 (approximately 4 years), the MSEs of household positions COH, MAR and OTHR increase much more slowly than they do during the period from November 2001 to the spring of 2002 (about 6 months). Because of the irregularity in the SLC errors that was noted earlier, the estimation of the variances of forecast error was based on the census data alone.
For modelling random evolution of the shares, a logit transformation was first applied. On the basis of Figs 4-6, we opted for a tree-like structure, or a variant of continuing fractions, that led to four types of fraction to be modelled (all specific for age, sex and time):
(a) the total share of MAR and SIN0; (b) the relative share of MAR out of MAR and SIN0; (c) the relative share of COH out of total share of COH, SIN+, CHLD and OTHR; (d) the relative share of CHLD and OTHR out of the total share of CHLD, OTHR and SIN+.
Temporarily suppressing indices for age and sex, denote the combined household positions of MAR and SIN0 (type (a) above) as j = 1, define the logit transform of the share ρ.1, t/ as
and write the observed ξ as the sum of the predicted value and an error term: ξ.1, t/ =ξ.1, t/ + e ξ .1, t/. Hereξ.1, t/ denotes the logit transform of the point predictionρ.1, t/ in the old household forecast. Next, construct a univariate random walk for e ξ .1, t/. In other words, assume the model
where ".1, t/ is an independent and identically distributed sequence of random terms with zero expectation and time constant variance to be specified. Next, take the conditional share of MAR out of MAR and SIN0 (type (b) above), compute the logit-transformed value of that share and construct a second univariate random walk in the logit scale. Continue this way with the empirical errors for the remaining two conditional shares. By construction, the four univariate random walks in the logit scale are statistically independent.
We used observed and predicted values of the conditional shares, computed empirical forecast errors for each share and estimated the variances var{".j, t/} as the MSE in the forecast for each of the four shares, assuming that those variances are independent of sex and age. For the four shares that are listed under (a)-(d) above, the estimates turned out to be 0.090, 0.098, 0.129 and 0.321 respectively. We estimated the correlation between the sexes corr{e ξ .j, x, M, t/, e ξ .j, x, F, t/} as 0.68, assuming independence of age and household position. The correlation between neighbouring 5-year age groups was 0.65 based on an auto-regressive AR(1) model across age groups, assuming independence across sex and household position. In other words, writing ξ.j, x, s, t/ as ξ.x/ for simplicity, the AR(1) model that we assumed implies that ξ.x/ = β ξ.x − 1/ + u.x/, |β| <1, Table 2 . Average value, coefficients of variation and lower and upper bounds of 80% prediction intervals, for the number of private households, by household type where the coefficient β equals the correlation between ξ.x/ and ξ.x − 1/, and the residual u.x/ has expectation 0 and variance that is independent of age x.
Selected results
We simulated 3000 sample paths of the four random walks that were defined in the previous section, assuming a normal distribution of the ".j, t/ terms with zero expectations and variances as estimated, added logit-transformed point predictionsξ.1, x, s, t/ = ln[ρ.1, x, s, t/={1 − ρ.1, x, s, t/}] from the updated household forecast, transformed back to the ρ-scale and applied the simulated shares to the simulated population numbers W.x, s, t/. The four shares cover all private household positions, except for lone parent, whose share is found as 1 minus the sum of the four shares, for each combination of age, sex and time. The shares relate to private households only. In contrast, the population numbers apply to all individuals, both those in private and those in institutional households. This slightly exaggerates our household numbers. For the highest age group (age 90 years and older) our results are not reliable, since 42% of the women and 27% of the men of that age live in an institution, according to the census of 2001. At ages 80-84 years the shares are 10% and 6% respectively. Below age 70 years the shares are below 1%. For illustration, we computed predictive distributions for the following variables:
(a) the population V.j, x, s, t/ for men and women in age groups 20-24, 50-54 and 80-84 years, in 2010, 2020 and 2030, in In Tables 2 and 3 where relevant results are presented, we shall characterize forecast uncertainty by means of the coefficient of variation CV and the high and low bounds of the 80% prediction intervals for the variables concerned. Equivalently, we could have selected the bounds of 1-standard-deviation or 2-standard-deviation intervals, corresponding to about 68% and 95% coverage probability respectively. However, a coverage probability of 80% has become customary in probabilistic demographic forecasts; see for example Alho and Spencer (2005) , chapter 11, Alho et al. (2006) and Scherbov and Ediev (2007) . The results that we shall present in the form of box-and-whisker plots have the usual first and third quartiles as the upper and lower borders of the boxes. The lines ('whiskers') show the largest or smallest predicted value that falls within a distance of 1.5 times the size of the box from the nearest border. The circles fall farther away-these are considered 'extreme' values.
The number of private households is forecasted to grow by 28% in 2002-2030, from 2.026 million to 2.587 million ( Table 2 ). The population is expected to increase by 16% (not shown here), implying a drop in the mean size of private households from 2.21 to 2.04. The fraction of one-person households in 2030 is expected to be 40%, up from 36% in 2002. Married couple households and one-person households have the lowest relative forecast uncertainty as measured by the coefficient of variation. At the same time, these household types are the most numerous. The lower bound of the 80% interval for the total number of households increases regularly, which indicates that the chance for a systematic decrease in that number is small. In fact, none of the 3000 simulations in any of the three years 2010, 2020 or 2030 show a number that is smaller than that in 2002 (see also Fig. 7(e) , which is discussed below). At the same time, the simulations imply an estimated chance of 12% that there will be fewer married couple households in 2030 than there were in 2002 (the chances are 20% in 2010 and 15% in 2020). Fig. 7 illustrates these predictive distributions graphically in the form of box-and-whisker plots based on the 3000 simulated values. The vertical scales for the five parts are the same, so that uncertainty can be compared between household types. Whereas Table 2 shows modest relative uncertainty for one-person households (as measured by CV), the fact that these households are so numerous implies that absolute uncertainty is largest for this household type; compare the heights of the boxes. Table 3 shows the coefficient of variation for the number of men and women in various household positions, for selected age groups. The level of uncertainty is directly related to the variance of the ".j, t/ terms of the random walk, but this effect is mediated by the point prediction. For instance, married men and women had low values for these variances, but in the 20-24 years age group, where their shares are low, CV is high. In this age group, household position CHLD or OTHR (in practice child) has the lowest uncertainty among the five household positions. In the 80-84 years age group men are likely to live with their spouses (household position MAR), whereas women frequently live alone (SIN0), which results in low CVs. These differences are illustrated by the box-and-whisker plots for shares in Fig. 8 .
The results in Table 3 are based on the predictive distributions for numbers of people in various household positions. It is instructive to analyse whether the uncertainty in those predictions derives mainly from that in the predictions for the shares ρ, or from the predictions for the population numbers W. Write the number of people in a given household position, for a certain combination of age, sex and time, as V = ρW for short. Its coefficient of variation is
Since ρ and W are assumed independent (see Section 5 for a discussion),
Using the formula for conditional variances, var.
This leads, after some manipulation, to the formula
Consider, for example married women aged 50-54 years, in 2030. Estimated values of CV 2 .ρ/ and CV 2 .W/ are 0.0213 and 0.0018 respectively (not shown here). Plugging in these values in the right-hand side of the equality, we obtain 0:0213 + 0:0018 + 0:0213 × 0:0018 = 0:0231 for CV 2 .V /; compare the CV(V ) value of 0.152 in Table 3 . Hence the uncertainty in V , as expressed by the coefficient of variation, derives almost entirely from that of the share ρ. This holds fairly generally for those in the age groups that were already born at the jump-off time. However, in the oldest ages the uncertainty of forecasting mortality is an important factor of uncertainty. For instance, men who are aged 80-84 years in 2030 have CV = 0.1456, whereas CV for the married share is 0.1424. Thus, both sources contribute almost evenly to the coefficient of variation of the number of married men that is given as 0.205 in Table 3 .
Summary and concluding remarks
We have developed a method for computing probabilistic household forecasts and applied it to data from Norway. The method combines a probabilistic population forecast with a probabilistic forecast for the shares of people in six household positions, by age and sex. Conceptual difficulties in defining household positions appear to have an effect on the quality of the basic data. Thus, empirical estimates based on Norwegian survey data differed markedly from the census estimates that were obtained for essentially the same point in time. In this work we primarily relied on the Norwegian census, because it appeared to be more consistent with the earlier forecast that we used in error estimation, and our work was primarily motivated by the economic implications of household structure. However, it is clear that for other applications of household data changing perceptions of one's position may be of equal interest. Such forecasts would be expected to be more uncertain. Point predictions for the shares were obtained from the multistate LIPRO model. The transition probabilities estimated around year 2000 imply a continued increase in the number of single-person households. Uncertainty parameters were estimated from observed errors of an old household forecast against a subsequent census. Our preferred model for the shares relied on an empirically defined hierarchical model of continued fractions. We also experimented with the direct modelling of the shares but found (the details are not shown) that the resulting predictive distributions for the shares had much larger error variances. It is important to exercise care in the stochastic modelling of the shares.
We find that the coefficient of variation in future numbers of married couples, cohabiting couples and one-person households is lower than that for lone parents and other private households. Moreover, for most ages and most household positions, it is the uncertainty of the share, rather than the uncertainty of the base population, that determines the uncertainty of the number of individuals in different household positions.
There are various sources of uncertainty that have an influence on our results. The deterministic population model and the deterministic household model are both of the bookkeeping type. Hence they will result in perfectly accurate forecasts, once the parameter values have been selected correctly. For LIPRO this is true in so far as we mean by parameter values those that follow implicitly from the consistency adjustments. Observed errors in the household shares come from wrong assumptions in the old deterministic household forecast and errors in the census data. It is reasonable to assume that the assumptions of the old household forecast have a bigger effect than the errors in the census data (although the latter source of error may be considerable for shares of children aged 20-24 years who live in the parental household). The variation in the results of the probabilistic household forecast comes from several sources:
(a) estimated (co)variances in the parameters for fertility, mortality and migration in the population model; (b) assumptions about the way that these (co)variances propagate over time through the age structure; (c) estimated (co)variances in household shares; (d) the assumed random-walk model for these shares.
Our approach excludes other sources of uncertainty. In particular, there is no covariance between population variables and household variables, owing to our implicit assumption of independence. This point can be clarified as follows.
We have simulated random shares that allocate individuals over various household positions. The shares were combined with random population numbers from an existing stochastic population forecast. This approach implicitly assumes independence between the population numbers (and the underlying processes of birth, death and migration) and the shares (and the underlying processes of household formation and dissolution). In reality, the two types of variable are not necessarily independent. For instance, mortality is most probably correlated with the chance to live alone-in particular for the elderly, through widowhood. Other things being equal, when there are many elderly men (for instance because of low mortality), the share of elderly women who live alone is probably low, and vice versa. However, correlations of this and similar kinds are likely to have only limited numerical importance. Intuitively, this is because, first, the uncertainty in population sizes for the elderly, and hence in survival, is much less than that of the shares in most ages. Second, survival of males and survival of females have a high positive correlation (greater than 0.80), so the difference in survival has an even smaller uncertainty than the populations themselves.
A somewhat subtle problem in our stochastic formulation relates to the consistency constraints that are used in LIPRO. These are implemented by an iterative calculation, and it is not practicable to try to enforce them for all sample paths, that numbered 3000 in our application. We investigated the possibility that increasing correlation between shares for males and females might reduce any discrepancy. The results in Appendix A confirm that this is so.
A basic difficulty in the modelling of the household position data derives from the fact that households are viewed as characteristics of the individuals. This approach has been adopted on grounds of conceptual simplicity. Individuals enter and leave the household, and this changes its structure and type. However, since the behaviour of two individuals may be linked, we are confronted with the so-called two-sex problem, for instance in the case of couple formation. A challenging future direction is the development of a richer population model that includes actual households as units of observation.
The data requirements for our approach are not very strong. Therefore, the method that we report here can also be applied to other countries. First, a probabilistic forecast of the population by sex and age is required. The approaches that were developed in the past to compute such forecasts have been applied to numerous countries-most of these in the western world (cf. the examples that were mentioned in Section 1), but not exclusively. See Booth (2006) for a review of methods. Second, point predictions and uncertainty measures are required for the random shares that distribute the population over several household positions. The point predictions can be derived from any household forecast model that predicts the population broken down by age, sex and household position. We have used LIPRO, which requires data on household events, among others. Other models which demand less detailed data have been employed elsewhere (e.g. ProFamy (see Zeng et al. (2007) ), or the method that has been developed by Statistics Netherlands (see Alders and Manting (1998) ). We estimated uncertainty parameters for the shares from the errors in an old household forecast. Those errors require observed data on household shares by age and sex, and an old forecast for those shares. Population data with information on age, sex and household position from the 2000 round of population censuses in European Union member countries are available from Eurostat. Similar data should exist for other countries as well, because the United Nations Economic Commission for Europe recommended that this type of information should be included in the set of tables which each member country should produce in the 2000 round of population censuses (United Nations Economic Commission for Europe, 1998). Thus it should be possible to evaluate household forecasts that were made before 2000 for the countries where such forecasts have been computed. If they do not exist, error estimates can be borrowed from other countries. Of course, whenever time series of past estimates of shares are available, error estimates can be derived directly from the statistical modelling of such series.
The method in which random shares are combined with random numbers for the population is not restricted to the particular example in this paper. A similar method could be applied to probabilistic forecasts for other divisions of the population, e.g. household size, health or disability status, region of residence and labour market status. For instance, Scherbov and Ediev (2007) applied random headship rates (the share of the population that is a head of a household) to a probabilistic population forecast. Their headship rates are specific for household size, and thus they could predict households by size. Also, statistical agencies of many countries compute regional forecasts regularly. The errors in historical regional forecasts can be analysed, modelled and predicted. Combined with regional shares in the current regional forecast those errors give random regional shares, which, in turn, can be applied to a probabilistic population forecast. 
